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Abstract 
Damping force-velocity hysteresis of a magnetorheological (MR) damper under sinusoidal displacement excitation is 
not only a typical indication of its dynamic performance, but also the foundation upon which a practical control 
strategy is established. Although numerous parametric and non-parametric models are effectively in predicting the 
hysteresis, their accuracy strongly depends on specific experimental data. Furthermore, little design guiding 
information can be explored from these models. With compressibility of MR fluid considered, ordinary differential 
equations (ODEs) of a physical MR damper model are derived in this paper. Then the corresponding lumped 
parameter model is developed, that is, a quasi-static MR model connected in series with a spring expressing 
compression of MR fluid. Moreover, the spring stiff expression is found to be equivalent to the “oil spring” in 
hydraulic technology. Decomposing a quasi-static MR model further to a friction element and a parallel-connected 
viscous element, these two basic elements in combination with a spring together fundamentally constitute a dynamic 
MR damper model. Consequently, a clear developing process of the hysteresis can be described with these three basic 
elements. As another main contribution of this paper, expression for calculating hysteresis width is derived by 
neglecting viscous element, and dynamic design method of MR dampers is proposed. 
© 2011 Published by Elsevier Ltd.
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1. Introduction 
In addition to representing dynamic performance, hysteresis of relationship between damping force 
and velocity of a magnetorheological (MR) damper under sinusoidal displacement excitation also plays 
an important role in building an effective control algorithm. To predict this hysteresis, different 
parametric and non-parametric models are developed, which mainly include: nonlinear Bingham plastic 
model (Weng et al., 2000; Choi et al., 2002), modified Bingham plastic model (Zhou and Qu, 2002), 
hysteretic bi-viscous model (Wereley et al., 1998; Wang and Meng, 2001), modified bi-viscous model (Li 
et al., 2009), nonlinear viscous elastic plastic model (Kamath and Wereley, 1997), Bouc-Wen model 
(Dyke et al., 1996), modified Bouc-Wen model (Yang, 2001; Jansen et al., 2000; Wang et al., 2006; Gao 
et al., 2004), temperature phenomenal model with mass element (Xu et al., 2005), polynomial model 
(Choi et al., 2005), Dahl model (Zhou et al., 2005), sigmoid function model (Ma et al., 2002; Wang et al., 
2003), modified sigmoid function model (Jiang and Li, 2008), neural networks model (Wang and Liao, 
2004; Du et al., 2006; Wang et al., 2007; Wang et al., 2009), neuro-fuzzy model (Schurter and Roschke, 
2000; Wilson and Abdullah, 2005; Gao and Wang, 2008). However, these models can’t physically 
describe the hysteresis because their parameters are identified by fitting experimental data.  
Peel et al. (1996) and Sims et al. (1999, 2000) extended their quasi-static electrorheological (ER) 
models by including dynamic effects accounting for the hysteric behavior of ER long stroke dampers. 
Based on material and geometry properties, a lumped parameter model consisting of a spring, a mass, a 
damper connected serially is developed in their studies. However, some model parameters such as 
stiffness, yield stress still need to be identified using experimental data. 
Wang and Gordaninejad (2007) developed the first MR physical model by taking account of the 
compression of MR fluid and successfully simulated the hysteresis. In a similar way, under the 
assumption of constant fluid bulk modulus, ordinary differential equations (ODEs) of a physical MR 
model will be derived, and corresponding straightforward mechanical analogy will be also made. A 
practical dynamic design method will be proposed in the end of this paper for MR dampers under 
sinusoidal displacement excitation. 
2. Modeling of The Hysteresis of MR Dampers 
According to the definition of bulk modulus, compression of a fluid can be computed by: 
V
e
PV ' ' (1) 
Where, ǻP is change of pressure. V and e are respectively volume and modulus of fluid. 
Figure 1: Typical structure of a MR damper 
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Then, flow rate loss due to the compression of fluid is: 
e
V
dt
dP
t
Vq
t
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lim  (2) 
As shown in Figure 1, assuming that left and right chambers have the same constant fluid bulk modulus, 
then respective flow rate are: 
e
V
dt
dPuAQ 111  (3.a) 
e
V
dt
dPuAQ 222   (3.b) 
Neglecting compression of fluid in the gap yields: 
  bQQPPQQ    2121 sign  (4) 
Where, b is average circumference of gap or the width of equivalent parallel plates. Q  is magnitude of 
flow rate passing through a unit wide parallel plates, and given by a quasi-static model as bellow (Guan 
and Guo, 2009). 
Figure 2:  A general material model of MR fluid 
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Where P12 is pressure drop. P*=2W*/L. L and h are effective length of piston and gap width respectively. 
As shown in Figure 2, P1 andˢP2 are pre-yield and post-yield viscosity. n1 and n2 are pre-yield and post-
yield flow index. Wy andˢˢ W* are static and dynamic shear yield strength. J* dynamic shear yield rate. 
Friction force Ff is equivalent to the shear yield stress for a damper in the absence of magnetic field as: 
 
L
h
A
Ff
2
0*  W (6) 
From Equations (3.a) and (3.b), change rate of pressure can be gained as: 
   1 212 1 2
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Noticing that V1=s0-sA and V2=s0+sA, above equation can be rewritten as: 
A
Qk
dt
dPu   12 (8) 
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ss
sk
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The first term on the left side of Equation (8) is excitation velocity; the second term is velocity loss due to 
the compression of fluid, viz., velocity generating only fluid compression of fluid but no flow rate; 
consequently the right side term act as an effective piston velocity ue, viz., piston velocity in the case of 
incompressible fluid.  
From Figure 3, it is obvious that effective velocity (ue) or damping force (Fd) lags behind the excitation 
velocity (u) due to the existence of a spring. 
2760  X.C. Guan et al. / Procedia Engineering 14 (2011) 2756–2764
Figure 3: Mechanical element analogy of a MR damper model 
Actually, the following derivation shows that spring stiff k in Equation (8) is equivalent to the stiff of oil 
spring in hydraulic technology, koil:
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Let A1= A2, then above equation is rewritten as: 
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Figure 4:  Oil spring of a hydraulic cylinder 
3. Analyzing of the Hysteresis 
3.1. Fundamental mechanical elements for modeling the hysteresis 
Since damping force of a MR damper is composed of a coulomb force FWˢ and a viscous force FK,
mechanical model in Figure 3 can be further decomposed to three basic elements as shown in Figure 5, in 
which parallel connected viscous element and friction element constitute a quasi-static model. Then, 
development of damping force-velocity hysteresis can be described with these three basic mechanical 
elements. 
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Figure 5: Basic elements constituting the mechanical analogy of a MR damper 
3.2. Calculation of the hysteresis 
Study in the previous section suggests that a spring and a friction element are two fundamental 
mechanical elements to model the hysteresis of MR dampers, and then mechanical model in Figure 5 can 
be simplified to the model in Figure 6 to calculate the hysteresis. 
Figure 6˖  Simplified model of a MR damper with viscous element neglected 
For the model in Figure 6, lag time of damping force behind excitation velocity,G  can be computed by:ˢ
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And corresponding hysteresis width is: 
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It should be noted that they are independent of piston area and only functions of spring stiff for a given 
sinusoidal displacement. 
4. Dynamic Design of MR Dampers 
Up to now, MR dampers are generally static force oriented design based on quasi-static models. With 
preceding Equations (11) and (12), dynamic design can be conveniently performed for MR dampers 
under sinusoidal displacement excitations. 
Since the lag time and hysteresis width are independent of effective area of piston, dynamic design and 
regular static design can be conducted in a relatively separate way, as shown in Figure 7. The procedure 
goes in detail as bellows: 
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(1) Regular static design: Determine the sliding force FW according to Equation (5). 
(2) Dynamic design: Replacing L/h in Equations (11) and (12) with FW/A, solve hysteresis width for 
different strokes and effective areas of piston, du(s0, A), and choose a desirable pair of (s0i, Ai ). 
(3) Choose appropriate L and h based mainly on magnetic analysis.  
Figure 7:  Dynamic design of MR dampers 
5. Conclusions 
To predict damping force-velocity hysteresis of MR dampers under sinusoidal displacement excitation, a 
physical model is developed by considering compressibility of MR fluid. Straightforward mechanical 
analogy is presented and a further simplified analogy model in which viscous element is neglected 
permits derivation of a formula for estimating the hysteresis width. With the help of this formula, 
dynamic design method of MR dampers is proposed at then end of this paper. It is found that the 
hysteresis width of a MR damper is independent of piston area and only a function of spring stiff for a 
given sinusoidal displacement. 
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